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Introduction

An important manifestation of the BFKL [1] dynamics at hadron colliders

such as TEVATRON and LHC is the so called Mueller-Navelet process [2]. It is

an inclusive production at high energies of two forward high-kT jets in proton-

proton collision:

p(p1) + p(p2)→ jet(k1) + jet(k2) +X , (1)

which are detected in the fragmentation regions of two colliding protons p(p1)

and p(p2).

If the rapidity gap between the two produced jets is large in the center of

mass (CM) frame, at large energy
√
s the BFKL resummation comes into play,

since large logarithms of the energy compensate the small QCD coupling and

must be resummed to all orders in perturbation theory. On the other side,

the process is started by two hadrons each emitting one parton, according to

its parton distribution function (PDF), and collinear factorization allows to

systematically resum the logarithms of the hard scale, calculating the standard

DGLAP evolution [3] of the PDFs.

The BFKL approach provides a general framework for the resummation

of energy logarithms in the leading logarithmic approximation (LLA), which

means resummation of all terms (αs ln(s))n, and in the next-to-leading logarith-

mic approximation (NLA), which means resummation of all terms αs(αs ln(s))n.

Indipendently from the process, the interaction of two Reggeized gluons implies

a resummation which leads to consider a Green's function determined through

the BFKL equation. The BFKL equation is an iterative integral equation,

whose kernel is known at the next-to-leading order (NLO) both for forward

scattering [4, 5] and for any momentum transfer t (not growing with energy)

1



p2

x2

p1

x1 k1

k2

Figure 1: Diagrammatical representation of jets production process

and any possible two-gluons color state in the t-channel [6].

The other components for a complete description of a process in the BFKL

approach are the impact factors; among these, those calculated with NLO ac-

curacy are those for colliding quark and gluons [10, 11, 12, 13], for forward jet

production [7, 8], for the γ∗ → γ∗ transition [14] and for the γ∗ to light vector

meson transition at leading twist [15].

On the other hand the full NLO Green's function was implemented [16, 17,

18] and e�ects related with QCD running coupling were studied in [19, 20].

These improvements brought to a better description of the results of the D0

collaboration at TEVATRON [21]. In fact these results revealed a stronger

rise of the Mueller-Navelet jet cross section with energy than predicted by LLA

BFKL calculations. A complete analysis of the process (1) was made [22], which

incorporates NLO correction to both the BFKL Green's function and the jet

impact factors, calculated in [7, 8]. One of the results of this paper is that for

kinematics typical of the LHC experiment the e�ect of NLO corrections to the

jet impact factor is very important, of the same order as the one obtained from

the NLO corrections to Green's function.

This observation is similar to one obtained earlier in the NLA analysis of

the di�ractive double ρ-electroproduction [23]. Another important conclusion

of [22] is that the results for Mueller-Navelet jet observables obtained within
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complete NLA BFKL analysis appeared to be very close to the one calculated

in the conventional collinear factorization at the NLO, with the only exception

of the ratio between the azimuthal angular moments 〈cos(2φ)〉/〈cosφ〉. It is

important to have an independent calculation of Mueller-Navelet jet observables

in NLA. The aim of the present thesis is the calculation of NLO correction to the

jet impact factor in order to have an independent check of the results of [7, 8].

This will be developed in the second chapter, where the results obtained in

collaboration with F. Caporale, D.Yu. Ivanov, B. Murdaca and A. Papa [24]

will be presented. Here there will be the advantage of starting from the general

de�nition for the impact factors at NLO, see [25], which allows to come to the

results more shortly than in [7, 8] and in a more general way.

3



Chapter 1

The BFKL approach

In perturbative QCD for a scattering process in a dynamical regime with

large energy
√
s and �xed squared momentum transfer t (i.e. not growing with

s), the BFKL theory prescribes that if the process happens with the exchange

of quantum numbers of gluon in t-channels we have an amplitude that goes

like sj(t). This e�ect is called "Reggeization" of the gluon. The function j(t)

is the Regge trajectory of the particle. Further, and this is characteristic of

QCD, the Reggeon gives the leading contribution in each order of perturbation

theory. If we consider the elastic process (see, for instance, Ref. [26]) A+B −→
A′+B′ with exchange of gluon quantum numbers in the t-channel, i.e. for octet

color representation in the t-channel and negative signature, gluon Reggeization

means that, in the Regge kinematical region s ' −u → ∞, t �xed (i.e. not

growing with s), the amplitude of this process takes the form

(
A−8
)A′B′

AB
= ΓCA′A

[(
−s
−t

)j(t)
−
(
s

−t

)j(t)]
ΓCB′B. (1.1)

Here c is a color index and ΓCP ′P are the particle-particle-Reggeon vertices, not

depending on s. They can be written as ΓCP ′P = g〈P ′|T C|P 〉ΓP ′P , where g

is the QCD coupling constant and T c are the color group generators in the

fundamental (adjoint) representation for quarks (gluons). This form of the

amplitude has been proved rigorously [27] to all orders of perturbation theory

in the leading-logarithmic approximation (LLA), which means resummation

of the terms αns lnn s. In this approximation ΓP ′P is given simply by δλP ′λP ,

where λP is the helicity of the particle P , and ω gives for the Reggeized gluon
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trajectory (which enters with 1-loop accuracy) the following result [28],

ω(1)(t) =
g2t

(2π)D−1

N

2

∫
dD−2k⊥

k2
⊥(q − k)2

⊥
= −g

2NΓ(1− ε)
(4π)D/2

Γ2(ε)

Γ(2ε)
(−q2

⊥)ε.

Here D = 4 + 2ε has been introduced in order to regularize the infrared diver-

gences and the integration is performed in the space transverse to the momenta

of the initial colliding particles.

1.1 BFKL in the LLA

Through the use of unitarity relation the BFKL approach allows to obtain

amplitudes in t−channel with quantum numbers di�erent from the gluon ones.

In the LLA, the main contributions to the unitarity relations from inelastic

amplitudes come from the multi-Regge kinematics, i.e. when rapidities of the

produced particles are strongly ordered and their transverse momenta do not

grow with s. In the multi-Regge kinematics, the real part of the production

amplitudes takes a simple factorized form, due to gluon Reggeization,

AÃB̃+n
AB = 2sΓC1

ÃA

(
n∏
i=1

γPi
cici+1(qi, qi + 1)

(
si
sR

)ωi 1

ti

)
1

tn+1

(
sn+1

sR

)ωn+1

Γ
Cn+1

B̃B
,

(1.2)

where sR is an energy scale, irrelevant in the LLA, γPi
cici+1(qi, qi+1) is the e�ective

vertex for the production of the particles Pi with momenta ki = qi− qi+1 in the

collisions of Reggeons with momenta qi and −qi+1 and color indices ci and ci+1,
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Figure 1.1: Diagrammatical representation of inelastic amplitude in LLA
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Figure 1.2: Diagrammatical representation of a BFKL process, the ovals are the im-

pact factors of particle A and B the circle is the Green's function of the

Reggeon-Reggeon scattering

q0 ≡ pA, qn+1 ≡ −pB, si = (ki−1 + ki)
2, k0 ≡ pÃ, kn+1 ≡ pB̃ and ωi stands for

ω(ti), with ti = q2
i . A schematic view of this amplitude is in Fig. (1.1). In the

LLA, Pi can be only the state of a single gluon. By using s-channel unitarity

and the previous expression for the production amplitudes, the amplitude of

the elastic scattering process A+B −→ A′+B′ at high energies can be written

as

AA
′B′

AB =
is

(2π)D−1

∫
dD−2q1

~q 2
1~q
′2
1

∫
dD−2q2

~q 2
2~q
′2
2

∫ δ+i∞

δ−i∞

dω

sin(πω)

∑
R,ν

Φ
(R,ν)
A′A (~q1; ~q; s0)

×
[(
−s
s0

)ω
− τ

(
s

s0

)ω]
G(R)
ω (~q1, ~q2, ~q )Φ

(R,ν)
B′B (−~q2;−~q; s0). (1.3)

The term Φ
(R,ν)
P ′P is the so-called impact factor in the t-channel color state (R, ν)

of which a particular case will be the object of this thesis and G
(R)
ω is the

Mellin transform of the Green's functions for Reggeon-Reggeon scattering. Here

q′1 ≡ qi − q, q ∼ q⊥ is the momentum transfer in the process, the sum is over

the irreducible representations R of the color group contained in the product of

two adjoint representations and over the states ν of these representations, τ is

the signature equal +1(−1) for symmetric (antisymmetric) representations and

s0 is an energy scale. The dependence on s is determined by G
(R)
ω , which obeys
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Figure 1.3: BFKL equation in LLA in schematical representation

the equation

ωG(R)
ω (~q1, ~q2, ~q ) = ~q 2

1~q
′2
1 δ

(D−2)(~q1 − ~q2)

+

∫
dD−2qr
~q 2
r~q
′2
r

K(R)(~q1, ~qr; ~q )G(R)
ω (~qr, ~q2; ~q ),

(1.4)

whose integral kernel is

K(R)(~q1, ~q2; ~q ) = [ω(−~q 2
1) + ω(−~q ′21 )]δ(D−2)(~q1 − ~q2) +K(R)

r (~q1, ~q2; ~q ), (1.5)

is composed by a �virtual� part

[ω(−~q 2
1) + ω(−~q ′21 )]

related to the gluon trajectory, and by a �real� part

K(R)
r (~q1, ~q2; ~q )

related to particle production in Reggeon-Reggeon collisions. In the LLA, the

�virtual� part of the kernel takes contribution from the gluon Regge trajectory

with 1-loop accuracy, ω(1), while the �real� part takes contribution from the

production of one gluon in the Reggeon-Reggeon collision at Born level, K
(B)
RRG.

The BFKL equation is the one given in Eq. (1.4) and is valid for t = 0 and

singlet quantum numbers in the t-channel; it can be schematized as in Fig. (1.3).
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Figure 1.4: Diagrammatical representations of replacements Γ
C(Born)
P ′P → Γ

C(1−loop)
P ′P (a)

and γ
Gi(Born)
cici+1 → γ

Gi(1−loop)
cici+1 (b).

1.2 BFKL in the NLA

In the NLA, the Regge form of the elastic amplitude (1.1) and of the pro-

duction amplitudes (1.2), implied by gluon Reggeization, has been checked only

in the �rst three orders of perturbation theory [29].

In order to derive the BFKL equation in the NLA, gluon Reggeization is

assumed to be valid to all orders of perturbation theory. Recently it has been

shown that Reggeization is ful�lled also in the NLA, through the study of the

so-called �bootstrap� conditions [30].

In the NLA it is necessary to include into the unitarity relations contribu-

tions which di�er from those in the LLA by having one additional power of

αs or one power less in ln s. The �rst set of corrections is realized by per-

forming, only in one place, one of the following replacements in the production

amplitudes (1.2) entering the s-channel unitarity relation:

ω(1) −→ ω(2), Γ
C(Born)
P ′P −→ Γ

C(1−loop)
P ′P , γ

Gi(Born)
cici+1 −→ γ

Gi(1−loop)
cici+1

the last two replacements are diagrammatically shown in Figs. (1.4(a), 1.4(b)).

The second set of corrections consists in allowing the production in the s-

channel intermediate state of one pair of particles with rapidities of the same

order of magnitude, both in the central or in the fragmentation region (quasi-

multi-Regge kinematics). This implies one replacement among the following in

the production amplitudes (1.2) entering the s-channel unitarity relation:

Γ
C(Born)
P ′P −→ Γ

C(Born)
{f}P , γ

Gi(Born)
cici+1 −→ γ

QQ̄(Born)
cici+1 , γ

Gi(Born)
cici+1 −→ γ

GG(Born)
cici+1 .
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Figure 1.5: Diagrammatical representations of replacements Γ
C(Born)
P ′P −→ Γ

C(Born)
{f}P (a),

γ
Gi(Born)
cici+1 −→ γ

QQ̄(Born)
cici+1 (b) and γ

Gi(Born)
cici+1 −→ γ

GG(Born)
cici+1 (c).

Here Γ{f}P stands for the production of a state containing an extra-particle

in the fragmentation region of the particle P in the scattering o� the Reggeon,

γ
QQ̄(Born)
cici+1 and γ

GG(Born)
cici+1 are the e�ective vertices for the production of a quark-

antiquark pair and of a two-gluon pair, respectively, in the collision of two

Reggeons. This second set of replacements is shown in Figs. (1.5(a), 1.5(b)

and 1.5(c)).
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Chapter 2

The next-to-leading order jet

vertex for Mueller-Navelet and

forward jets

Let us consider the production of Mueller-Navelet jets in proton-proton col-

lisions:

p(p1) + p(p2)→ jet(kJ1) + jet(kJ2) +X (2.1)

where the jets are described by their rapidities y1,2 and transverse momenta ~kj,1

and ~kj,2 and are characterized by conditions

~k2
J,1 ∼ ~k2

J,2 � Λ2
QCD (2.2)

and large separation in rapidity; p1 and p2 are taken as Sudakov vectors satis-

fying p2
1 = p2

2 = 0 and 2(p1p2) = s with the following decomposition for a jet in

fragmentation region of the proton with momentum p1,

kJ,1 = xJ,1p1 +
~kJ,1
xJ,1

p2 + kJ,1⊥, k2
J,1⊥ = −~k2

J,1 . (2.3)

In QCD collinear factorization the cross section of the process reads

dσ

dxJ,1dxJ,2d2~kJ,1d2~kJ,2
=

∑
i,j=q,q̄,g

∫ 1

0

∫ 1

0

dx1dx2fi(x1, µ)

× fj(x2, µ)
dσ̂i,j(x1x2s, µ)

dxJ,1dxJ,2d2~kJ,1d2~kJ,2

(2.4)

10



where the indices i, j specify parton types (quarks q=u, d, s; antiquarks q=u, d, s

or gluon g), fi(x, µ) is the parton distribution function (PDF), x1,2 are the lon-

gitudinal fractions of the parton involved in the hard subprocess, µ is the factor-

ization scale and dσ̂i,j(x1x2s, µ) is the partonic cross section for the production

of jets.

According to what has been stated in the previous chapter, due to the optical

theorem, the cross section is related to the imaginary part of the forward proton-

proton scattering amplitude:

σ̂ =
ImsA
ŝ

, (2.5)

In the BFKL approach in the kinematical limit s � ~k2 the forward amplitude

may be presented in D dimension as follows:

ImsA =
ŝ

(2π)D−2

∫
dD−2~q1

~q 2
1

ΦP,1(~q1, s0)

∫
dD−2~q2

~q 2
2

ΦP,2(−~q2, s0)

×
∫ δ+i∞

δ−i∞

dω

2πi

(
ŝ

s0

)ω
Gω(~q1, ~q2) ,

(2.6)

where the Green's function obeys the BFKL equation

ωGω(~q1, ~q2) = δD−2(~q1 − ~q2) +

∫
dD−2~qK(~q1, ~q)Gω(~q, ~q1) . (2.7)

The energy scale parameter s0 is arbitrary within NLA accuracy, but in the

following we will see that it plays an important role in numerical computa-

tions through terms beyond the NLA which unavoidably appear in the NLA

prediction. The impact factors Φ1 and Φ2 are fundamental ingredients in the

description of the inclusive production of the two jets.
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2.1 Parton impact factor

Both the kernel of the equation for the Green's function and the parton

impact factors can be expressed in terms of the gluon Regge trajectory,

j(t) = 1 + ω(t) (2.8)

and the e�ective vertices for the Reggeon-parton interaction.

To be more speci�c, let us consider the formulae for the case of forward

quark impact factor. Starting with the LO, the quark impact factors are give

by

Φ(0)
q (~q ) =

∑
a

∫
dM2

a

2π
Γ(0)
aq (~q )[Γ(0)

aq (~q )]∗dρa , (2.9)

where ~q is the Reggeon transverse momentum, and Γ
(0)
aq denotes the Reggeon-

quark vertices in the LO or Born approximation. The sum a is over all inter-

mediate states a which contribute to the q → q transition. The phase space

element dρ a of a state a, consisting of particles with momenta `n, is (pq is

initial quark momentum)

dρa = (2π)Dδ(D)

(
pq + q −

∑
n∈a

`n

)∏
n∈a

dD−1`n
(2π)D−12En

, (2.10)

while the remaining integration in (2.9) is over the squared invariant mass of

the state a,

M2
a = (pq + q)2 .

In the LO the only intermediate state which contributes is a one-quark state,

a = q. The integration in Eq. (2.9) with the known Reggeon-quark vertices Γ
(0)
qq

is trivial and the quark impact factor reads

Φ(0)
q (~q ) = g2

√
N2
c − 1

2Nc

, (2.11)

where g is QCD coupling, αs = g2

4π
, Nc = 3 is the number of QCD colors.
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In the NLO the expression (2.9) for the quark impact factor has to be

changed in two ways. First, one has to take into account the radiative correc-

tions to the vertices,

Γ
(0)
qq → Γqq = Γ

(0)
qq + Γ

(1)
qq .

Second, in the sum over {a} in (2.9), we have to include more complicated

states which appear in the next order of perturbative theory. For the quark

impact factor this is a state with an additional gluon, a = qg. However, the

integral over M2
a becomes divergent when an extra gluon appears in the �nal

state. The divergence arises because the gluon may be emitted not only in the

fragmentation region of initial quark, but also in the central rapidity region.

The contribution of the central region must be subtracted from the impact

factor, since it is to be assigned in the BFKL approach to the Green's function.

Therefore the result for the forward quark impact factor, see [11], reads

Φ(0)
q (~q ) =

(
s0

~q 2

)ω(−~q 2)∑
{a}

∫
dM2

a

2π
Γaq(~q )[Γaq(~q )]∗dρaθ(sΛ −M2

a )

− 1

2

∫
dD−2k

~q 2

~k2
Φ(0)
q (~k)K(0)

r (~k, ~q ) ln

(
s2

Λ

(~k − ~q )2s0

)
,

(2.12)

where the intermediate parameter sΛ should go to in�nity. The second term

in the r.h.s. of (2.12) is the subtraction of the gluon emission in the central

rapidity region. The dependence on sΛ vanishes because of the cancellation

between the �rst and second terms. K
(0)
r is the part of LO BFKL kernel related

to real gluon production

K(0)
r (~k, ~q ) =

2g2Nc

(2π)D−1

1

(~k − ~q )2
. (2.13)

The factor in (2.12) which involves the Regge trajectory arises from the change

of energy scale (~q 2 → s0) in the vertices Γ. The trajectory function ω(t) can

be taken here in the one-loop approximation (t = −~q 2),

ω(t) =
g2t

(2π)D−1

Nc

2

∫
dD−2k

~k2(~q − ~k)2
= −g2Nc

Γ(1− ε)Γ2(ε)

(4π)D/2Γ(2ε)
(~q 2)ε . (2.14)
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In Eqs. (2.9) and (2.12) we suppress for shortness the color indices (for the

explicit form of the vertices see [10, 11]). The gluon impact factor Φ
(0)
g (~q ) is

de�ned similarly. In the gluon case only the single-gluon intermediate state

contributes in the LO, a = g, which results in

Φ(0)
g (~q ) =

CA
CF

Φ(0)
q (~q ) , (2.15)

here CA = Nc and CF = (N2
c − 1)/(2Nc). Whereas in NLO additional two-

gluon, a = gg, and quark-antiquark, a = qq̄, intermediate states have to be

taken into account in the calculation of the gluon impact factor.

2.2 Jet impact factor

Similarly to the parton-parton scattering (2.6) one can represent the re-

summed jet cross section in the form

dσ

dJ1dJ2

=
1

(2π)D−2

∫
dD−2~q1

~q2
1

dΦJ,1(~q1, s0)

dJ1

∫
dD−2~q2

~q2
2

dΦJ,2(−~q2, s0)

dJ2

×
∫ δ+i∞

δ−i∞

dω

2πi

(
ŝ

s0

)ω
Gω(~q1, ~q2) ,

(2.16)

where we introduce jet impact factors di�erential with respect to the variables

parameterizing the jet phase space,

dJ1 ≡ dxJ,1d
D−2kJ,1, dJ2 ≡ dxJ,2d

D−2kJ,2 .

Following [7], we consider our process in the frame of a generic and infrared-

safe jet algorithm. In practice, this is done by introducing into the integration

over the partonic phase space a suitably de�ned function which identi�es the

jet momentum with the momentum of one parton or with the sum of the two

or more parton momenta when the jet is originated from the a multi-parton

intermediate state. In our accuracy the jet can be formed by one parton in

LO and by one or two partons when the process is considered in NLO. In the

simplest case, the jet momentum is identi�ed with the momentum of the parton

in the intermediate state k by the following jet function [31]:

S
(2)
J (~k;x) = δ(x− xJ)δ(D−2)(~k − ~kJ) . (2.17)
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In the more complicated case when the jet originates from a state of two partons

with momenta k1 and k2, we need another function S
(3)
J , whose explicit form

is speci�c for the chosen jet algorithm. An example of jet selection function in

the case of the cone algorithm is the following [31]:

S
(3,cone)
J (~k2, ~k1, xβ1;x) = S

(2)
J (~k2;x(1− β1)) (2.18)

×Θ

[∆y2 + ∆φ2]−

[
|~k1|+ |~k2|

max(|~k1|, |~k2|)
Rcone

]2


+S
(2)
J (~k1;xβ1)Θ

[∆y2 + ∆φ2]−

[
|~k1|+ |~k2|

max(|~k1|, |~k2|)
Rcone

]2


+S
(2)
J (~k1 + ~k2;x)Θ

[ |~k1|+ |~k2|
max(|~k1|, |~k2|)

Rcone

]2

− [∆y2 + ∆φ2]

 ,

where the Sudakov decomposition of the parton momenta

k1 = xβ1p1 +
~k2

1

xβ1s
p2 + k1⊥ , k2

1 = 0, (2.19)

k2 = xβ2p1 +
~k2

2

xβ2s
p2 + k2⊥ , k2

2 = 0 (2.20)

is used, with β1 + β2 = 1 and ~k1 + ~k2 = ~q, owing to momentum conservation

in the partonic subprocess. Rcone in (2.19) is the cone-size parameter, ∆y and

∆φ are the di�erence of rapidity and azimuthal angle in the two parton state,

respectively:

∆y = ln

(
1− β1

β1

|~k1|
|~k2|

)
, ∆φ = arccos

~k1 · ~k2√
~k2

1
~k2

2

. (2.21)

The three terms in S
(3,cone)
J represent the case in which the jet is formed by the

parton k2 or the parton k1 or both, respectively.
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In the generic case, the following relations for the jet function must be

ful�lled in order the jet algorithm be infrared safe:

S
(3)
J (~k2, ~k1, xβ1;x)→ S

(2)
J (~k2;x), ~k1 → 0, β1 → 0,

S
(3)
J (~k2, ~k1, xβ1;x)→ S

(2)
J (~k1 + ~k2;x), ~k1β1 → ~k2β1,

S
(3)
J (~k2, ~k1, xβ1;x)→ S

(2)
J (~k2;x(1− β1)), ~k1 → 0,

S
(3)
J (~k2, ~k1, xβ1;x)→ S

(2)
J (~k1;xβ1), ~k2 → 0 .

(2.22)

Such reduction of S
(3)
J → S

(2)
J is required in order that the singular contributions

generated by the real emission be proportional to the lowest order cross section.

These contributions are canceled with the soft and collinear singularities arising

from the virtual corrections and the collinear counterterms coming from the

PDFs' renormalization. Besides, we assume that the jet selection function S
(3)
J

is symmetric under the exchange of the �nal state parton kinematic variables,

β1 ↔ β2 and ~k1 ↔ ~k2,

S
(3,cone)
J (~k2, ~k1, xβ1;x) = S

(3,cone)
J (~k1, ~k2, xβ2;x) . (2.23)

The collinear counterterms appear due to the replacement of the bare PDFs by

the renormalized physical quantities which obey DGLAP evolution equations,

in the factorization MS scheme:

fq(x) = fq(x, µF )− αs
2π

(
1

ε̂
+ ln

µ2
F

µ2

)∫ 1

x

dz

z

[
Pqq(z)fq

(x
z
, µF

)
+ Pqg(z)fg

(x
z
, µF

)]

fg(x) = fg(x, µF )− αs
2π

(
1

ε̂
+ ln

µ2
F

µ2

)∫ 1

x

dz

z

[
Pgq(z)fq

(x
z
, µF

)
+ Pgg(z)fg

(x
z
, µF

)]
,

(2.24)
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where 1
ε̂

= 1
ε

+ γE − ln(4π) ≈ Γ(1−ε)
ε(4π)ε

and the DGLAP splitting functions are:

Pqq(z) = CF

(
1 + z2

1− z

)
+

= CF

[
1 + z2

(1− z)+

+
3

2
δ(1− z)

]
, (2.25)

Pqg(z) = TR
[
z2 + (1− z)2

]
, with TR =

1

2
, (2.26)

Pgg(z) = 2CA

(
z

(1− z)+

+
(1− z)

z
+ z(1− z)

)
+

(11CA − 4NFTR)

6
δ(1− z),

(2.27)

Pgq(z) = CF
[1 + (1− z)2]

z
; (2.28)

here the plus-prescription is de�ned by∫ 1

a

dx
F (x)

(1− x)+

=

∫ 1

a

dx
F (x)− F (1)

1− x
−
∫ a

0

dx
F (1)

1− x
(2.29)

The other counterterm is related with QCD charge renormalization, in the MS

scheme:

αs = αs(µR)

[
1 +

αs(µR)

4π

(
11CA

3
− 2NF

3

)(
1

ε̂
+ ln

µ2
R

µ2

)]
. (2.30)

Having the results for the lowest order parton impact factors (2.11) and (2.15),

we get the jet impact factor at the LO level as

dΦ
(0)
J (~q )

dJ
= g2

√
N2
c − 1

2Nc

∫ 1

0

dx

(
CA
CF

fg(x) +
∑
a=q,q̄

fa(x)

)
S

(2)
J (~q;x) , (2.31)

given as the sum of the gluon and all possible quark and antiquark PDFs con-

tributions. Substituting here the bare QCD coupling and bare PDFs by the

renormalized ones, we obtain the following expressions for the counterterms:

dΦJ(~q )|charge c.t.

dJ
=
αs
2π

(
1

ε̂
+ ln

µ2
R

µ2

)(
11CA

6
− NF

3

)
Φ(0)
q

×
∫ 1

0

dx

(
CA
CF

fg(x) +
∑
a=q,q̄

fa(x)

)
S

(2)
J (~q;x)

(2.32)
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for the charge renormalization, and

dΦJ(~q )|collinear c.t.
dJ

= −αs
2π

(
1

ε̂
+ ln

µ2
F

µ2

)
Φ(0)
q

∫ 1

0

dxS
(2)
J (~q;x)

∫ 1

x

dz

z

×

[∑
a=q,q̄

(
Pqq(z)fa

(x
z

)
+ Pqg(z)fg

(x
z

))
+
CA
CF

(
Pgg(z)fg

(x
z

)
+ Pgq(z)

∑
a=q,q̄

fa

(x
z

))]
(2.33)

for the collinear counterterm. The latter can be rewritten in the form

dΦJ(~q )|collinear c.t.
dJ

= −αs
2π

(
1

ε̂
+ ln

µ2
F

µ2

)
Φ(0)
q

∫ 1

0

dβ

∫ 1

0

dxS
(2)
J (~q; βx)

×

[∑
a=q,q̄

(Pqq(β)fa(x) + Pqg(β)fg(x))

+
CA
CF

(
Pgg(β)fg(x) + Pgq(β)

∑
a=q,q̄

fa(x)

)]
.

(2.34)

Besides, we present the expression for the BFKL counterterm which, in accor-

dance to the second line of Eq. (2.12), provides the subtraction of the gluon

radiation in the central rapidity region:

dΦJ(~q )|BFKL c.t.

dJ
= −Φ(0)

q

CAg
2

(2π)D−1

∫ 1

0

dx

(
CA
CF

fg(x) +
∑
a=q,q̄

fa(x)

)

×
∫
dD−2~k

~q 2

~k2(~k − ~q )2
ln

(
s2

Λ

s0
~k2

)
S

(2)
J (~q − ~k;x) .

(2.35)

Now we have all the necessary ingredients to perform our calculation of the NLO

corrections to the jet impact factor. As a starting point for our consideration

we will use the results of [10, 11] for the partonic amplitudes obtained in the

calculation of partonic impact factors, introducing there the appropriate jet

functions: S
(2)
J for the amplitudes with one-parton state in the case of one-loop

virtual corrections and S
(3)
J for the cases with two partons in the �nal state

(real emission), in order to de�ne the corresponding contribution to jet cross

sections.
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For shortness we will present intermediate results for V structures de�ned

always as

dΦ
(1)
J (~q )

dJ
≡ αs

2π
Φ(0)
q V (~q ) . (2.36)

We will consider separately the subprocesses initiated by the quark and the

gluon PDFs and denote

V = Vq + Vg. (2.37)

2.3 NLA jet impact factor: the quark contribu-

tion

We start with the case of incoming quark.

2.3.1 Virtual correction

Virtual corrections are the same as in the case of the inclusive quark impact

factor [10, 11, 12]:

V (V )
q (~q ) = −Γ[1− ε]

ε(4π)ε
Γ2(1 + ε)

Γ(1 + 2ε)
(~q 2)ε

∫ 1

0

dx
∑
a=q,q̄

fa(x)S
(2)
J (~q;x)

× CF

{(
2

ε
− 4

1 + 2ε
+ 1

)
−NF

1 + ε

(1 + 2ε)(3 + 2ε)

+ CA

(
ln
s0

~q 2
+ ψ(1− ε)− 2ψ(ε) + ψ(1)

+
1

4(1 + 2ε)(3 + 2ε)
− 2

ε(1 + 2ε)
− 7

4(1 + 2ε)
− 1

2

)}
.

(2.38)

Here and in what follows we put the arbitrary scale of dimensional regularization

equal to unity, µ = 1. We expand (2.38) in ε and get

V (V )
q (~q ) = −Γ[1− ε]

ε(4π)ε
Γ2(1 + ε)

Γ(1 + 2ε)
(~q 2)ε

∫ 1

0

dx
∑
a=q,q̄

fa(x)S
(2)
J (~q;x)

×

[
CF

(
2

ε
− 3

)
− NF

3
+ CA

(
ln
s0

~q 2
+

11

6

)

+ ε

{
8CF +

5NF

9
− CA

(
85

18
+
π2

2

)}]
+O(ε) .

(2.39)

19



2.3.2 Real correction

For the incoming quark case, real corrections originate from the quark-gluon

intermediate state. We denote the momentum of the gluon by k, then the mo-

mentum of the quark is q−k; the longitudinal fraction of the gluon momentum

is denoted by βx. Thus, the real contribution has the form [10, 11, 12, 32]

V (V )
q (~q ) =

1

(4π)ε

∫ 1

0

dx
∑
a=q,q̄

fa(x)

∫
dD−2~k

π1+ε

∫ 1

β0

dβPgq(ε, β)

× ~q 2

~k2(~q − ~k)2(~k − β~q )2

{
CFβ

2(~q − ~k)2 + CA(1− β)~k · (~k − β~q )

}
× S(3)

J

(
~q − ~k,~k, xβ, x

)
,

(2.40)

where

β0 =
~k2

sΛ

, Pgq(ε, β) =
1 + (1− β)2 + εβ2

β
.

The low limit in the β-integration appears due to the restriction on the invariant

mass of intermediate state, which enters the de�nition (2.12) of NLO impact

factor. Since

M2
qg =

~k2

β
+

(~q − ~k)2

1− β
− ~q 2, M2

qg ≤ sΛ ,

and assuming sΛ →∞, we obtain that β ≥ β0.

We consider separately the term proportional to CF and to CA. The CF -

term is not singular for β → 0, therefore the limit sΛ →∞, or β0 → 0, can be

safely taken. We get

V (R)(CF )
q (~q ) =

CF
(4π)ε

∫ 1

0

dx
∑
a=q,q̄

fa(x)

∫
dD−2~k

π1+ε

∫ 1

0

dβPgq(ε, β)

× ~q 2β2

~k2(~k − β~q )2
S

(3)
J

(
~q − ~k,~k, xβ, x

)
.

(2.41)

In order to isolate all divergences, it is convenient to perform the change of

variable ~k = β~l and to present the integral in the form

V (R)(CF )
q (~q ) =

CF
(4π)ε

∫ 1

0

dx
∑
a=q,q̄

fa(x)

∫ 1

0

dβPgq(ε, β)β2ε (2.42)

×
∫
dD−2~l

π1+ε

~q 2

~l 2 + (~l − ~q )2

[
1

(~l − ~q )2
+

1

~l 2

]
S

(3)
J (~q − β~l, β~l, xβ;x) .
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The soft divergence appears for β → 0; in this region we can introduce the

counterterm

V (R)(CF , soft)
q (~q ) =

CF
(4π)ε

∫ 1

0

dx
∑
a=q,q̄

fa(x)

∫ 1

0

dβ
2

β1−2ε

×
∫
dD−2~l

π1+ε

~q 2

~l 2 + (~l − ~q )2

[
1

(~l − ~q )2
+

1

~l 2

]
S

(2)
J (~q;x) ,

(2.43)

which equals

V (R)(CF , soft)
q (~q ) =

2CF
ε

Γ[1− ε]
ε(4π)ε

Γ2(1 + ε)

Γ(1 + 2ε)
(~q 2)ε

∫ 1

0

dx
∑
a=q,q̄

fa(x)S
(2)
J (~q;x) .

(2.44)

Collinear divergences arise for ~l − ~q = 0 and for ~l = 0; in these regions we can

isolate the two following counterterms:

V (R)(CF , coll1)
q (~q ) =

CF
(4π)ε

∫
dD−2~l

π1+ε(~l − ~q )2
Θ(Λ2 − (~l − ~q )2) (2.45)

×
∫ 1

0

dβ β2ε

[
Pgq(ε, β)− 2

β

]∫ 1

0

dx
∑
a=q,q̄

fa(x)S
(2)
J (~q;x) ,

V (R)(CF , coll2)
q (~q ) =

CF
(4π)ε

∫
dD−2~l

π1+ε~l 2
Θ(Λ2 −~l 2)

∫ 1

0

dx
∑
a=q,q̄

fa(x)

×
∫ 1

0

dβ β2ε

[
S

(2)
J (~q;x(1− β))Pgq(ε, β)− 2

β
S

(2)
J (~q;x)

]
.

(2.46)

In both these expressions we have introduced an arbitrary cuto� parameter Λ

and subtracted the soft divergence. After a simple calculation we obtain

V (R)(CF , coll1)
q (~q ) =

Γ[1− ε]
ε(4π)ε

Γ2(1 + ε)

Γ(1 + 2ε)
(Λ2)ε

∫ 1

0

dx
∑
a=q,q̄

fa(x)S
(2)
J (~q;x)

× CF

[
−3

2
+ 4ε

]
+O(ε) .

(2.47)
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The term V
(R)(CF , coll2)
q can be rewritten in the following form:

V (R)(CF ,coll2)(~q ) =
Γ[1− ε]
ε (4π)ε

Γ2(1 + ε)

Γ(1 + 2ε)

(
Λ2
)ε ∫ 1

0

dx
∑
a=q,q̄

fa(x)

×

{
−3

2
CFS

(2)
J (~q ;x) +

∫ 1

0

dβ

[
Pqq(β) + 2ε(1 + β2)

×
(

ln(1− β)

1− β

)
+

CF + εCF (1− β)

]

× S
(2)
J (~q ;xβ)

}
+O(ε) , (2.48)

where we performed the change of variable β → 1−β, used the plus-prescription
(2.29) and the expansion

(1− β)2ε−1 =
1

2ε
δ(1− β) +

1

(1− β)+

+ 2ε

(
ln(1− β)

1− β

)
+

+O(ε2) .

Finally, we can de�ne the term

V (R)(CF ,�nite)
q = V (R)(CF )

q − V (R)(CF , soft)
q − V (R)(CF , coll1)

q − V (R)(CF , coll2)
q , (2.49)

which can be calculated at ε = 0. We remark that V
(R)(CF ,�nite)
q and V

(R)(CF , coll1,2)
q

depend on the cuto� Λ, but in the total expression V
(R)(CF ,)
q this dependence

disappears. The part proportional to CA in the r.h.s. of Eq. (2.40) reads

V (R)(CA)
q (~q ) =

1

(4π)ε

∫ 1

0

dx
∑
a=q,q̄

fa(x)

∫
dD−2~k

π1+ε

∫ 1

β0

dβPgq(ε, β)

× ~q 2CA
(1− β)~k · (~k − β~q )

~k2(~q − ~k)2(~k − β~q )2
S

(3)
J

(
~q − ~k,~k, xβ;x

)
.

(2.50)

The collinear singularity appears at ~k − ~q → 0; in this region we can introduce
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the counterterm

V (R)(CA, coll)
q (~q ) =

CA
(4π)ε

∫
dD−2~k

π1+ε(~q − ~k)2
Θ

(
Λ2 − (~k − ~q )2

)
(2.51)

×
∫ 1

0

dx
∑
a=q,q̄

fa(x)

∫ 1

0

dβPgq(ε, β)S
(2)
J (~q;xβ)

=
Γ[1− ε]
ε(4π)ε

Γ2(1 + ε)

Γ(1 + 2ε)
(Λ2)ε

∫ 1

0

dx
∑
a=q,q̄

fa(x)

×
∫ 1

0

dβ

[
CA
CF

Pgq(β) + εCAβ

]
S

(2)
J (~q;xβ) +O(ε) ,

where β0 has been set equal to zero since the expression is �nite in the β → 0

limit and, again, the cuto� Λ was introduced. Another singularity appears

when β → 0, actually at any value of gluon transverse momentum ~k. In this

region S
(3)
J

(
~q − ~k,~k, xβ;x

)
→ S

(2)
J (~q − ~k;x) and it is convenient to introduce

the counterterm

V (R)(CA, soft)
q (~q ) =

CA
(4π)ε

∫ 1

0

dx
∑
a=q,q̄

fa(x)

∫
dD−2~k

π1+ε

∫ 1

β0

dβ
2

β

× ~q 2 (1− β)~k · (~k − β~q )

~k2(~q − ~k)2(~k − β~q )2
S

(2)
J

(
~q − ~k;x

)
=

CA
(4π)ε

∫ 1

0

dx
∑
a=q,q̄

fa(x)

∫
dD−2~k

π1+ε

∫ 1

β0

dβ
2

β

× ~q 2Θ[(1− β)|~k| − β|~q − ~k|]
~k2(~q − ~k)2

S
(2)
J

(
~q − ~k;x

)
,

(2.52)

where the averaging over the relative angle between the vectors ~k and ~q − ~k
has been performed. The integration over β gives the following result for the

counterterm:

V (R)(CA, soft)
q (~q ) =

CA
(4π)ε

∫ 1

0

dx
∑
a=q,q̄

fa(x)

∫
dD−2~k

π1+ε

~q 2

~k2(~q − ~k)2

× ln
s2

Λ

~k2(|~k|+ |~q − ~k|)2
S

(2)
J

(
~q − ~k;x

)
.

(2.53)

The �nite part of the real corrections proportional to CA is therefore de�ned by

V (R)(CA, �nite)
q = V (R)(CA)

q − V (R)(CA, coll)
q − V (R)(CA, soft)

q . (2.54)
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When the quark part of BFKL counterterm, given in (2.35),

V (C)
q (~q ) = − CA

(4π)ε

∫ 1

0

dx
∑
a=q,q̄

fa(x)

∫
dD−2~k

π1+ε
ln

(
s2

Λ

s0
~k2

)
~q 2

~k2(~q − ~k)2
S

(2)
J

(
~q−~k;x

)
,

(2.55)

is combined with V
(R)(CA, soft)
q given in (2.53), we see that the dependence on sΛ

disappears, as expected, and we get

V (R)(CA, soft)
q (~q ) + V (C)

q (~q ) =
CA

(4π)ε

∫ 1

0

dx
∑
a=q,q̄

fa(x)

×
∫
dD−2~k

π1+ε

~q 2

~k2(~k − ~q )2
ln

(
s0

(|~k|+ |~q − ~k|)2

)
S

(2)
J

(
~q − ~k;x

)
.

(2.56)

2.3.3 Final result for the quark in the initial state

We collect �rst the contributions given in (2.39), (2.44), (2.47), (2.48) and

(2.52):

V (1)
q (~q ) ≡ (V (V )

q + V (R)(CF , soft)
q + V (R)(CF , coll1)

q + V (R)(CF , coll2)
q + V (R)(CA, coll)

q )(~q )

=
Γ[1− ε]
ε(4π)ε

Γ2(1 + ε)

Γ(1 + 2ε)

∫ 1

0

dx
∑
a=q,q̄

fa(x){[
(~q 2)ε

(
NF

3
− CA ln

(
s0

~q 2

)
− 11CA

6

)
+ ε

(
CA

(
85

18
+
π2

2

)
− 5

9
NF

+CF

(
3 ln

~q 2

Λ2
− 4

))]
S

(2)
J (~q;x)

+(Λ2)ε
∫ 1

0

dβ

[
Pqq(β) +

CA
CF

Pgq(β)

]
S

(2)
J (~q;xβ) (2.57)

+ε

∫ 1

0

dβ

[
2(1 + β2)

(
ln(1− β)

1− β

)
+

CF + CF (1− β) + CAβ

]
×S(2)

J (~q;xβ)

}
+O(ε) .

Then, we collect the �nite contributions, given in Eqs. (2.49) and (2.54),
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transforming them to the form used in [7]:

V (2)
q (~q ) ≡ (V (R)(CF ,�nite)

q + V (R)(CA,�nite)
q )(~q )

=

∫ 1

0

dx
∑
a=q,q̄

fa(x)

[
CF

∫ 1

0

dβ
1

(1− β)+

(1 + β2)

∫
d2~l

π~l 2

[
~q 2

~l 2 + (~q −~l)2

×
{
S

(3)
J (~q − (1− β)~l, (1− β)~l, x(1− β);x)

+S
(3)
J (~qβ + (1− β)~l, (1− β)(~q −~l), x(1− β);x)

}
−Θ(Λ2 −~l 2)

{
S

(2)
J (~q;xβ) + S

(2)
J (~q;x)

}]
(2.58)

+CA

∫
d2~k

π~k2

∫ 1

0

dβ

{
1 + (1− β)2

β

[
~q 2(1− β)(~q − ~β) · (~q (1− β)− ~k)

(~q − ~k)2(~q (1− β)− ~k)2

S
(3)
J (~k, ~q − ~k, xβ;x)−Θ(Λ2 − ~k2)S

(2)
J (~q;xβ)

]
−2~q 2Θ[(1− β)|~q − ~k| − β|~k|]

β(~q − ~k)2
S

(2)
J (~k;x)

}]
+O(ε) .

Besides, we de�ne

V (3)
q (~q ) ≡ (V (R)(CA, soft)

q + V (C)
q )(~q ) ,

given in Eq. (2.56) Another contribution originates from the collinear and charge

renormalization counterterms, see Eqs. (2.32) and (2.34),

V (4)
q (~q ) =

Γ[1− β]

ε(4π)ε

∫ 1

0

dx
∑
a=q,q̄

fa(x)

[
(µ2

R)ε
(

11CA
6
− NF

3

)
S

(2)
J (~q;x)

− (µ2
F )ε
∫ 1

0

dβ

[
Pqq(β) +

CA
CF

Pgq(β)

]
S

(2)
J (~q;xβ)

]
.

(2.59)

Finally, the quark part of the jet impact factor is given by the sum of the above

four contributions and can be presented as the sum of two terms:

V (I)
q (~q ) =

∫ 1

0

dx
∑
a=q,q̄

fa(x)

[
CA

(4π)ε

∫
dD−2~k

π1+ε

~q 2

~k2(~k − ~q )2
ln

s0

(|~k|+ |~q − ~k|)2

×S(2)
J (~k;x)− CA ln

(
s0

~q 2

)
(~q 2)ε

Γ[1− ε]
ε(4π)ε

Γ2(1 + ε)

Γ(1 + 2ε)
S

(2)
J (~q;x)

]
(2.60)
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and

V (II)
q (~q ) = V (2)

q (~q ) +

∫ 1

0

dx
∑
a=q,q̄

fa(x)

{[(
NF

3
− 11CA

6

)
ln
~q 2

µ2
R

+CA

(
85

18
+
π2

2

)
− 5

9
NF + CF

(
3 ln

~q 2

Λ2
− 4

)]
S

(2)
J (~q;x)

+

∫ 1

0

dβ

[
Pqq(β) +

CA
CF

Pgq(β)

]
ln

Λ2

µ2
F

S
(2)
J (~q;xβ) (2.61)

+

∫ 1

0

dβ

[
2

(
ln(1− β)

1− β

)
+

(1 + β2)CF + CF (1− β) + CAβ

]
S

(2)
J (~q;xβ)

}
.

2.4 NLA jet impact factor: the gluon contribu-

tion

We consider now the case of incoming gluon.

2.4.1 Vitual corrections

Virtual corrections are the same as in the case of the inclusive gluon impact

factor [10, 11, 12]:

V (V )
g (~q ) = −Γ[1− ε]

ε(4π)ε
Γ2(1 + ε)

Γ(1 + 2ε)
(~q 2)ε

∫ 1

0

dx
CA
CF

fg(x)S
(2)
J (~q;x)

×
[
CA ln

(
s0

~q 2

)
+ CA

(
2

ε
− 11 + 9ε

2(1 + 2ε)(3 + 2ε)

+
NF

CA

(1 + ε)(2 + ε)− 1

(1 + ε)(1 + 2ε)(3 + 2ε)
+ ψ(1) + ψ(1− ε)− 2ψ(1 + ε)

)
+ CA

ε

(1 + ε)(1 + 2ε)(3 + 2ε)

(
1 + ε− NF

CA

)
1

(1 + ε)

]
.

(2.62)

The ε-expansion has the form

V (V )
g (~q ) = −Γ[1− ε]

ε(4π)ε
Γ2(1 + ε)

Γ(1 + 2ε)
(~q 2)ε

∫ 1

0

dx
CA
CF

fg(x)S
(2)
J (~q;x)

×
[
CA

(
ln

(
s0

~q 2

)
+

2

ε
− 11

6

)
+
NF

3

+ ε

{
CA

(
67

18
− π2

2

)
− 5

9
NF

}]
+O(ε) .

(2.63)
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2.4.2 Real corrections: qq̄ intermediate state

In the NLO gluon impact factor real corrections come from intermediate

states of two particles, which can be quark-antiquark or gluon-gluon. In this

Subsection we consider the former. The real contribution from the quark-

antiquark case is [10, 11, 12, 32]:

V (Rqq̄)
g (~q ) =

NF

(4π)ε

∫ 1

0

dx
CA
CF

fg(x)

∫ 1

0

dβ

∫
dD−2~k

π1+ε

~q 2

~k2(~k − ~q )2

×TRPqg(ε, β)

[
CF
CA

+
β(1− β)~k · (~q − ~k)

(~k − β~q )2

]
S

(3)
J (~q − ~k,~k, xβ;x) , (2.64)

with

Pqg(ε, β) = 1− 2β(1− β)

1 + ε
. (2.65)

Below we discuss separately the �rst and the second contributions in the r.h.s.

of Eq.(2.64), which we denote V
(Rqq̄)(CF )
g and V

(Rqq̄)(CA)
g . The �rst contribution

is

V (Rqq̄)(CF )
g (~q ) =

NF

(4π)ε

∫ 1

0

dx
CA
CF

fg(x)

∫ 1

0

dβ

∫
dD−2~k

π1+ε

~q 2

~k2(~k − ~q )2

× TRPqg(ε, β)
CF
CA

S
(3)
J (~q − ~k,~k, xβ;x)

=
NF

(4π)ε

∫ 1

0

dxfg(x)

∫ 1

0

dβTRPqg(ε, β)

∫
dD−2~k

π1+ε

× ~q 2

~k2 + (~q − ~k)2

[
1

~k2
+

1

(~q − ~k)2

]
S

(3)
J (~q − ~k,~k, xβ;x) .

(2.66)

Here we have collinear divergences for ~k = 0 and ~q − ~k = 0. The contribution

in these kinematical regions is the same, as can be easily seen after the changes

of variables ~k → ~q − ~k and β → 1 − β, since Pqg(ε, β) = Pqg(ε, 1 − β) and

taking into account the property (2.23) that the S
(3)
J jet selection function has

to possess. Therefore we can write

V (Rqq̄)(CF )
g (~q ) =

2NF

(4π)ε

∫ 1

0

dxfg(x)

∫ 1

0

dβTRPqg(ε, β)

×
∫

dD−2~k

π1+ε~k2

~q 2

~k2 + (~q − ~k)2
S

(3)
J (~k, ~q − ~k, xβ;x)

(2.67)
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and isolate the collinearly divergent part given by

V (Rqq̄)(CF , coll)
g (~q ) =

2NF

(4π)ε

∫ 1

0

dxfg(x)

∫ 1

0

dβTRPqg(ε, β)

×
∫

dD−2~k

π1+ε~k2
Θ(Λ2 − ~k2)S

(2)
J (~q;xβ)

= 2NF
Γ[1− ε]
ε(4π)ε

Γ2(1 + ε)

Γ(1 + 2ε)
(Λ2)ε

∫ 1

0

dxfg(x)

×
∫ 1

0

dβ[Pqg(β) + εβ(1− β)]S
(2)
J (~q;xβ) +O(ε) ,

(2.68)

where we have introduced, as before, the cuto� parameter Λ. The �nite part is

therefore de�ned by

V (Rqq̄)(CF , �nite)
g = V (Rqq̄)(CF )

g − V (Rqq̄)(CF , coll)
g , (2.69)

where one can take ε→ 0 limit and get

V (Rqq̄)(CF , �nite)
g = 2NF

∫ 1

0

dxfg(x)

∫ 1

0

dβPqg(β)

×
∫

d2~k

π~k2

[
~q 2

~k2 + (~q − ~k)2
S

(3)
J (~k, ~q − ~k, xβ;x)

−Θ(Λ2 − ~k2)S
(2)
J (~q;xβ)

]
+O(ε) .

(2.70)

The second contribution in (2.64) is

V (Rqq̄)(CA)
g (~q ) =

NF

(4π)ε

∫ 1

0

dx
CA
CF

fg(x)

∫ 1

0

dβ

∫
dD−2~k

π1+ε

~q 2

~k2 + (~q − ~k)2

× TRPqg(ε, β)
β(1− β)~k · (~q − ~k)

(~k − β~q )2
S

(3)
J (~q − ~k,~k, xβ;x) .

(2.71)
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Here the collinear divergence appears for ~k − β~q = 0 and the integral in this

region can be identi�ed with

V (Rqq̄)(CA, coll)
g (~q ) =

NF

(4π)ε

∫ 1

0

dx
CA
CF

fg(x)

∫ 1

0

dβTRPqg(ε, β)

×
∫

dD−2~k

π1+ε(~k − β~q )2
Θ(Λ2 − (~k − β~q)2)S

(2)
J (~q;x)

= NF
Γ[1− ε]
ε(4π)ε

Γ2(1 + ε)

Γ(1 + 2ε)
(Λ2)ε

(
1

3
+
ε

6

)
×
∫ 1

0

dx
CA
CF

fg(x)S
(2)
J (~q;x) +O(ε) .

(2.72)

Then, the �nite part can be written as

V (Rqq̄)(CA,�nite)
g = V (Rqq̄)(CA)

g − V (Rqq̄)(CA, coll)
g . (2.73)

After the change of variable ~k → ~q − ~k in (2.71) and (2.72) we have

V (Rqq̄)(CA, �nite)
g (~q ) = NF

∫ 1

0

dx
CA
CF

fg(x)

∫ 1

0

dβPqg(β)

∫
d2~k

π(~k − (1− β)~q )2[
~q 2β(1− β)~k · (~q − ~k)

~k2(~k − ~q )2
S

(3)
J (~k, ~q − ~k, xβ;x)

−Θ(Λ2 − (~k − (1− β)~q )2)S
(2)
J (~q;x)

]
+O(ε) . (2.74)

2.4.3 Real corrections: gg intermediate state

The real contribution from the gluon-gluon case is [10, 11, 12, 32]:

V (Rgg)
g (~q ) =

CA
(4π)ε

∫ 1

0

dx
CA
CF

fg(x)

∫
dD−2~k

π1+ε

∫ 1−β0

β0

dβ
~q 2Pgg(β)

(~k − β~q )2~k2(~k − ~q )2

×
{
β2(~k − ~q )2 + (1− β)2~k2 − β(1− β)~k · (~q − ~k)

}
× S

(3)
J (~q − ~k,~k, xβ;x) . (2.75)

where

Pgg(β) = P (β) + P (1− β), with P (β) =

(
1

β
+
β

2

)
(1− β) .
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We note that here the lower integration limit in β is β0 = ~k2/sΛ, whereas the

upper limit is 1 − β. This comes from the Θ function in the impact factor

de�nition (2.12), which restricts the radiation of either of the two gluons into

the central region of rapidity.

Using the symmetry of the integrand under the change of variables describ-

ing the two gluons, β → 1−β and ~k → ~q−~k (thanks to the symmetry property

(2.23) of the jet function), we get

V (Rgg)
g (~q ) = 2

CA
(4π)ε

∫ 1

0

dx
CA
CF

fg(x)

∫
dD−2~k

π1+ε

∫ 1−β0

β0

dβP (β)

~q 2

(~k − β~q )2~k2(~k − ~q )2

{
β2(~k − ~q )2 + (1− β)~k · (~k − β~q )

}
× S(3)

J (~q − ~k,~k, xβ;x) ≡ V (Rgg)(A)
g (~q ) + V (Rgg)(B)

g (~q ) .

(2.76)

In this form the upper limit of β integration can be put to unity. In V
(Rgg)(A)
g

the lower integration limit β0 can be put equal to zero. Then, after the change

of variable ~k = β~l, we obtain

V (Rgg)(A)
g (~q ) = 2

CA
(4π)ε

∫ 1

0

dx
CA
CF

fg(x)

∫ 1

0

dβP (β)β2ε

∫
dD−2~l

π1+ε

× ~q 2

~l 2(~l − ~q )2
S

(3)
J (~q − β~l, β~l, xβ;x)

= 2
CA

(4π)ε

∫ 1

0

dx
CA
CF

fg(x)

∫ 1

0

dβP (β)β2ε

∫
dD−2~l

π1+ε

× ~q 2

~l 2 + (~l − ~q )2

[
1

~l 2
+

1

(~l − ~q )2

]
S

(3)
J (~q − β~l, β~l, xβ;x) .

(2.77)

In this expression one has both soft and collinear divergences. The soft diver-

gence can be isolated in the counterterm

V (Rgg)(A, soft)
g (~q ) = 2

CA
(4π)ε

∫ 1

0

dx
CA
CF

fg(x)

∫ 1

0

dβ

β1−2ε

∫
dD−2~l

π1+ε

~q 2

~l 2 + (~l − ~q )2

×
[

1

(~l − ~q )2
+

1

~l 2

]
S

(2)
J (~q;x) , (2.78)

which equals

V (Rgg)(A, soft)
g (~q ) =

Γ[1− ε]
ε(4π)ε

Γ2(1 + ε)

Γ(1 + 2ε)
(~q 2)ε

2CA
ε

∫ 1

0

dx
CA
CF

fg(x)S
(2)
J (~q;x) .

(2.79)
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After the subtraction of the soft divergence, collinear divergences still appear

for ~l = 0 and ~l − ~q = 0 and can be isolated by the following two counterterms:

V (Rgg)(A, coll1)
g (~q ) = 2

CA
(4π)ε

∫ 1

0

dx
CA
CF

fg(x)

∫
dD−2~l

π1+ε(~q −~l)2
Θ
(
Λ2 − (~q −~l)2

)
×

∫ 1

0

dββ2ε

(
P (β)− 1

β

)
S

(2)
J (~q;x) . (2.80)

and

V (Rgg)(A, coll2)
g (~q ) = 2

CA
(4π)ε

∫ 1

0

dx
CA
CF

fg(x)

∫
dD−2~l

π1+ε~l2
Θ
(

Λ2 −~l 2
)

×
∫ 1

0

dββ2ε

(
P (β)S

(2)
J (~q;x(1− β))− 1

β
S

(2)
J (~q;x)

)
.

(2.81)

These counterterms equal

V (Rgg)(A, coll1)
g (~q ) =

Γ[1− ε]
ε(4π)ε

Γ2(1 + ε)

Γ(1 + 2ε)
(Λ2)ε

∫ 1

0

dx
CA
CF

fg(x)S
(2)
J (~q;x)

× CA
(
−11

6
+ ε

67

18

)
+O(ε) ,

(2.82)

V (Rgg)(A, coll2)
g (~q ) =

Γ[1− ε]
ε(4π)ε

Γ2(1 + ε)

Γ(1 + 2ε)
(Λ2)ε

∫ 1

0

dx
CA
CF

fg(x)

∫ 1

0

dβ(1− β)P (1− β)

×2CA

[
1

(1− β)+

+ 2ε

(
ln(1− β)

1− β

)
+

]
S

(2)
J (~q;xβ) +O(ε) , (2.83)

where to obtain the last equation we made the change of variable β → 1 − β
and expanded the term (1− β)2ε−1. The �nite part is therefore de�ned by

V (Rgg)(A, �nite)
g = V (Rgg)(A)

g −V (Rgg)(A, soft)
g −V (Rgg)(A, coll1)

g −V (Rgg)(A, coll2)
g . (2.84)

The V
(Rgg)(B)
g term, de�ned in (2.76), has a collinear divergence for ~k − ~q = 0.

It can be isolated in the following integral:

V (Rgg)(B, coll)
g (~q ) = 2

CA
(4π)ε

∫ 1

0

dx
CA
CF

fg(x)

∫ 1

0

dβP (β)

×
∫

dD−2~k

π1+ε(~k − ~q )2
Θ
(
Λ2 − (~k − ~q )2

)
S

(2)
J (~q;xβ)

=
Γ[1− ε]
ε(4π)ε

Γ2(1 + ε)

Γ(1 + 2ε)
(Λ2)ε

∫ 1

0

dx
CA
CF

fg(x)

×
∫ 1

0

dβ 2CAP (β)S
(2)
J (~q;xβ) +O(ε) ,

(2.85)
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where β0 has been put equal to zero thanks to the property of lowest order jet

function (2.17). Another singularity appears when β → 0; in this region we can

isolate the term

V (Rgg)(B, soft)
g (~q ) =

= 2
CA

(4π)ε

∫ 1

0

dx
CA
CF

fg(x)

∫
dD−2~k

π1+ε

∫ 1

β0

dβ

β
~q 2 (1− β)~k · (~k − β~q )

~k2(~q − ~k)2(~k − β~q )2
S

(2)
J (~q − ~k;x)

= 2
CA

(4π)ε

∫ 1

0

dx
CA
CF

fg(x)

∫
dD−2~k

π1+ε

∫ 1

β0

dβ

β

~q 2Θ[(1− β)|~k| − β|~q − ~k|]
~k2(~k − ~q )2

S
(2)
J (~q − ~k;x)

=
CA

(4π)ε

∫ 1

0

dx
CA
CF

fg(x)

∫
dD−2~k

π1+ε

~q 2

~k2(~k − ~q )2
ln

s2
Λ

~k2(|~k|+ |~q − ~k|)2
S

(2)
J (~q − ~k;x) .

(2.86)

The �nite part of V
(Rgg)(B)
g is therefore de�ned by

V (Rgg)(B, �nite)
g = V (Rgg)(B)

g − V (Rgg)(B, coll)
g − V (Rgg)(B, soft)

g . (2.87)

When the gluon part of BFKL counterterm, given in (2.35), is combined with

V
(Rgg)(B, soft)
g given in (2.86), we see that the dependence on sΛ disappears and

we obtain

V (Rgg)(B, soft)
g (~q ) + V (C)

g (~q ) = (2.88)

=
CA

(4π)ε

∫ 1

0

dx
CA
CF

fg(x)

∫
dD−2~k

π1+ε

~q 2

~k2(~k − ~q )2
ln

s0

(|~k|+ |~q − ~k|)2
S

(2)
J (~q − ~k;x) .
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2.4.4 Final result for the gluon in the initial state

We collect �rst the contributions which contain singularities given in (2.63),

(2.68), (2.72), (2.80), (2.82), (2.83) and (2.85) and get

V (1)
g (~q ) ≡ (V (V )

g + V (Rqq̄)(CF , coll)
g + V (Rqq̄)(CA, coll)

g V (Rgg)(A, soft)
g

+V (Rgg)(A, coll1)
g + V (Rgg)(A, coll2)

g + V (Rgg)(B coll)
g )(~q )

=
Γ[1− ε]
ε(4π)ε

Γ2(1 + ε)

Γ(1 + 2ε)

∫ 1

0

dx
CA
CF

fg(x)

{[
(~q 2)ε

(
11CA

6
− NF

3
− CA ln

(
s0

~q 2

))
−2(Λ2)ε

(
11CA

6
− NF

3

)
+ ε

(
π2CA

2
+

13NF

18

)]
S

(2)
J (~q;x)

+(Λ2)ε
∫ 1

0

dβ

(
Pgg(β) + 2NF

CF
CA

Pqg(β)

)
S

(2)
J (~q;x)

+2ε

∫ 1

0

dβ

[
NF

CF
CA

(1− β)β (2.89)

+2CA

(
ln(1− β)

1− β

)
+

(1− β)P (1− β)

]
S

(2)
J (~q;x)

}
+O(ε) .
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Then, we collect the contributions given in (2.70), (2.74), (2.84), (2.87), and

get (transforming to the form used in [8])

V (2)
g (~q ) ≡ (V (Rqq̄)(CF ,�nite)

g + V (Rqq̄)(CA, �nite)
g + V (Rgg)(CA, �nite)

g + V (Rgg)(B, �nite)
g )(~q )

=

∫ 1

0

dxfg(x)

∫ 1

0

dβ

[
2NFPqg(β)

∫
d2~k

π~k2

{
~q 2

~k2 + (~q − ~k)2

×S(3)
J (~k, ~q − ~k, xβ;x)−Θ(Λ2 − ~k2)S

(2)
J (~q;xβ)

}
+NF

CA
CF

Pqg(β)

∫
d2~k

π(~k − (1− β)~q )2

{
~q 2β(1− β)~k · (~q − ~k)

~k2(~k − ~q )2

×S(3)
J (~k, ~q − ~k, xβ;x)−Θ(Λ2 − (~k − (1− β)~q )2)S

(2)
J (~q;x)

}]
+

∫ 1

0

dx 2CA
CA
CF

fg(x)

[∫ 1

0

dβ

(1− β)+

[(1− β)P (1− β)]

∫
d2~l

π~l 2

×
{

~q 2

~l 2 + (~l − ~q )2

(
S

(3)
J (~q − (1− β)~l, (1− β)~l, x(1− β);x)

+S
(3)
J (β~q + (1− β)~l), (1− β)(~q −~l), x(1− β);x)

)
(2.90)

−Θ
(

Λ2 −~l 2
)(

S
(2)
J (~q;xβ) + S

(2)
J (~q;x)

)}
+

∫ 1

0

dβ

∫
d2~k

π

{
P (β)

(
~q 2(1− β)~k · (~k − β~q )

(~k − β~q )2(~k − ~q )2~k2
S

(3)
J (~q − ~k,~k, xβ;x)

− 1

(~k − ~q )2
Θ
(

Λ2 − (~k − ~q )2
)
S

(2)
J (~q;xβ)

)
− 1

β

~q 2Θ[(1− β)|~q − ~k| − β|~k|]
~k2(~q − ~k)2

S
(2)
J (~k;x)

}]
.

Besides, we de�ne

V (3)
g (~q ) ≡ (V (Rgg)(B, soft)

g + V (C)
g )(~q ) (2.91)

=
CA

(4π)ε

∫ 1

0

dx
CA
CF

fg(x)

∫
dD−2~k

π1+ε

~q 2

~k2(~k − ~q )2
ln

s0

(|~k|+ |~q − ~k|)2
S

(2)
J (~q − ~k;x) ,

given in Eq. (2.89).
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Another contribution originates from the collinear and charge renormaliza-

tion counterterms, see Eqs. (2.32) and (2.34),

V (4)
g (~q ) =

Γ[1− ε]
ε(4π)ε

∫ 1

0

dxfg(x)

[
(µ2

R)ε
(

11CA
6
− NF

3

)
CA
CF

S
(2)
J (~q;x)

− (µ2
F )ε
∫ 1

0

dβ

[
2NFPqg(β) +

CA
CF

Pgg(β)

]
S

(2)
J (~q;xβ)

]
.

(2.92)

Finally, the gluon part of the jet impact factor is given by the sum of the above

four contributions and can be presented as a sum of two terms:

V (I)
g (~q ) =

∫ 1

0

dx
CA
CF

fg(x)

[
CA

(4π)ε

∫
dD−2~k

π1+ε

~q 2

~k2(~k − ~q )2
ln

s0

(|~k|+ |~q − ~k|)2
S

(2)
J (~k;x)

− CA ln

(
s0

~q 2

)
(~q 2)ε

Γ[1− ε]
ε(4π)ε

Γ2(1 + ε)

Γ(1 + 2ε)
S

(2)
J (~q;x)

]
(2.93)

and

V (II)
g (~q ) = V (2)

g (~q ) +

∫ 1

0

dx
CA
CF

fg(x)

×
{[(

11CA
6
− NF

3

)
ln
~q 2µ2

R

Λ4
+ CA

π2

2
+

13

18
NF

]
S

(2)
J (~q;x)

+

∫ 1

0

dβ

[
Pgg(β) + 2NF

CF
CA

Pqg(β)

]
ln

Λ2

µ2
F

S
(2)
J (~q;xβ)

+

∫ 1

0

dβ

[
4

(
ln(1− β)

1− β

)
+

[(1− β)P (1− β)]CA

+ 2NF
CF
CA

β(1− β)

]
S

(2)
J (~q;xβ)

}
.

(2.94)

2.4.5 Infrared �niteness of the jet impact factor

The NLO correction to the jet vertex (impact factor) has the form

dΦ
(1)
J (~q )

dJ
=
αs
2π

Φ(0)
q V (~q ), V (~q ) = V (I)(~q ) + V (II)(~q ) (2.95)

where each part is the sum of the quark and gluon contributions,

V (I)(~q ) = V (I)
q (~q ) + V (I)

g (~q ), V (II)(~q ) = V (II)
q (~q ) + V (II)

g (~q )
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given in Eqs. (2.60), (2.3.3) and in Eqs. (2.93), (2.94), respectively. V
(II)
q (~q )

and V
(II)
g (~q ) are manifestly �nite. For V (I)(~q ) we have

V (I)
q (~q ) =

∫ 1

0

dx

(∑
a=q,q̄

fa(x) +
CA
CF

fg(x)

)

×
[
CA

(4π)ε

∫
dD−2~k

π1+ε

~q 2

~k2(~k − ~q )2
ln

s0

(|~k|+ |~q − ~k|)2
S

(2)
J (~k;x)

− CA ln

(
s0

~q 2

)
(~q 2)ε

Γ[1− ε]
ε(4π)ε

Γ2(1 + ε)

Γ(1 + 2ε)
S

(2)
J (~q;x)

]
.

(2.96)

Having the explicit form of the lowest order jet function (2.17), it is easy to see

that the integration of V (I)(~q ) over ~q with any function, regular at ~q = ~kJ ,

will give some �nite result. In particular, the �nite result will be obtained after

the convolution of V (I)(~q ) with BFKL Green's function, see Eq. (2.16), which

is required for the calculation of the jet cross section.

The divergence in (2.96) arises from virtual corrections and, precisely, from

the factor (s0/~q
2)ω(~q 2) entering the de�nition of the impact factor. In the com-

putation of physical impact factors this divergence is cancelled by the one arising

from the integration in the �rst term of Eq. (2.96), which is related with real

emission. In the calculation of the jet vertex the ~q integration is �opened� and,

therefore, there is no way to get the divergence needed to balance the one aris-

ing from virtual corrections. However, in the construction of any physical cross

section, the jet vertex is to be convoluted with the BFKL Green's function,

which implies the integration over the Reggeon transverse momentum ~q and it

is after this integration that the divergence cancels.
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2.4.6 Energy scale

In our approach the energy scale s0 remains untouched and need not be

�xed at any de�nite scale. The dependence on s0 will disappear in the next-

to-leading logarithmic approximation in any physical cross section in which jet

vertices are used. However, the dependence on this energy scale will survive in

terms beyond this approximation and will provide a parameter to be optimized

with the method adopted in Refs. [23, 33].

In order to compare our results with the ones of [7, 8], we need to perform

the transition from the standard BFKL scheme with arbitrary energy scale s0

to the one used in [7, 8], where the scale of energy depends on the Reggeon

momentum. The change to the scheme where the energy scale s0 is replaced

to any factorizable scale
√
f1(~q 2

1)f2(~q 2
2) leads to the following modi�cation of

each impact factor (i = 1, 2), see [34],

Φi(~q; fi(~q
2)) = Φi(~q; s0) +

1

2

∫
dD−2~kΦ

(0)
i (~k) ln

(
fi(~k

2)

s0

)
K(0)(~k, ~q )

~q 2

~k2
,

(2.97)

where Φ
(0)
i andK(0) are the lowest order impact factor and BFKL kernel. There-

fore changing from s0 to
√
~q 2

1~q
2
2 we obtain the following replacement in our

result for the jet impact

V (I)(~q )→ V̄ (I)(~q ) =

∫ 1

0

dx

(∑
a=q,q̄

fa(x) +
CA
CF

fg(x)

)

×
[
CA

(4π)ε

∫
dD−2~k

π1+ε

~q 2

~k2(~k − ~q )2
ln

~k2

(|~k|+ |~q − ~k|)2
S

(2)
J (~k;x)

]
.

(2.98)

Note that V̄ (I)(~q ) is not singular at ~q → ~q and, therefore, it can be calculated at

D = 4. Such contribution to the jet impact factors, V̄ (I)(~q ), in the considered

scheme with s0 =
√
~q 2

1~q
2
2 produces a completely equivalent e�ect on the physical

jet cross section as the factors HL and HR which enter Eq. (76) of [8] (see

Eqs. (101), (102) in [7] for the de�nition of HL, HR).

Therefore, for the �nal comparison one needs to consider our results for

V
(II)
q (~q ) and V

(II)
g (~q ) (modulo the appropriate normalization factor) with the

ones given in Eq. (105) of [7] and Eq. (67) of [8] for the quark and gluon
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contributions, respectively. For this purpose we identify, following [7, 8], the Λ

parameter with the collinear factorization scale µF . In the gluon contribution

we found a complete agreement.

2.5 Summary

Eventually we have recalculated the jet vertices for the cases of quark and

gluon in the initial state, �rst found in the papers by Bartels et al. [7, 8]. Our

approach is more straightforward and more general, since the starting point of

our calculation is the known general expression for NLO BFKL impact factors,

given in Ref. [25], applied to the special case of partons in the initial state.
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Chapter 3

Further Developments

3.1 Small-cone approximation

Another approach to obtain the NLO impact factor for the production of

forward jets is the small-cone approximation (SCA) [37, 38] and is developed

in [39]. In this paper the authors starting from the totally inclusive NLO parton

impact factors calculated in [10, 11] used SCA to obtain an expression for small

jet cone aperture in the rapidity azimuthal angle plane.

At LO the totally inclusive parton impact factor takes contribution from a

one-particle intermediate state; this leads to �x the kinematics of the produced

parton by the jet kinematics.

So inserting into the inclusive impact factor the delta function which depends

on the jet variables transverse momentum ~k and longitudinal fraction α, they

get

dΦJ

~q 2
= C

∫
dα
d2~k

~k2
dxδ(2)

(
~k − ~q

)
δ(α− x)

(
CA
CF

fg(x) +
∑
a=q,q̄

fa(x)

)
, (3.1)

with

dΦ = C dx

(
CA
CF

fg(x) +
∑
a=q,q̄

fa(x)

)
, C = 2παs

√
2CF
CA

. (3.2)

At NLO there are both the virtual correction and also two-particle production

in the parton-Reggeon collision.
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For the two particle production the jet can be either produced by one of the

two partons or by both together. If the produced parton are a and b there can

be the following contributions:

• Only the parton a generates the jet, while the parton b can have arbitrary

kinematics, provided that it lies outside the jet cone;

• the same but a↔ b;

• the two parton a and b both generate the jet.

Introducing the relative rapidity and azimuthal angle between the two partons:

∆y =
1

2
ln
ζ2(~k − ~q )2

ζ̄2~k2
, ∆φ = arccos

~q · ~k − ~k2

|~k||~q − ~k|
, ζ̄ ≡ 1− ζ. (3.3)

If the parton with momentum ~k and longitudinal fraction ζ generate the jet,

and if

~∆ = ~q −
~k

ζ
(3.4)

the condition of cone aperture smaller than R in the rapidity-azimuthal angle

plane becomes

∆φ2 + ∆y2 ≤ R2 (3.5)

and then

|~∆| ≤ ζ̄

ζ
|~k|R. (3.6)

If the jet is formed by both partons the jet momentum and jet longitudinal

fraction:
~k = ~k1 + ~k2; 1 = ζ + ζ̄ . (3.7)

The relative rapidity and azimuthal angle between the jet and the �rst (second)

parton are:

∆y1 =
1

2
ln

~k2
1

ζ2~k2
, ∆φ1 = arccos

~k · ~k1

|~k1||~k|
, (3.8)

∆y2 =
1

2
ln

(~k1 − ~k)2

ζ̄2~k2
, ∆φ2 = arccos

~k · (~k − ~k1)

|~k||~k − ~k1|
. (3.9)
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Introducing now the vector ~∆ as

~k1 = ζ~k + ~∆ (3.10)

the requirement that both partons are inside the cone:

|~∆| ≤ R|~k|min(ζ, ζ̄) . (3.11)

The result of the paper is that working in

D = 4 + 2ε (3.12)

dimensions and calculating the NLO impact factor in the (ν, n)-representation,

the authors found the following results for an incoming quark:

Iq =
αs
2π

(
~k2
)γ−n

2
(
~k ·~l

)n ∫ 1

α

dζ

ζ

∑
a=q,q̄

fa

(
α

ζ

)

×
[{

Pqq(ζ) +
CA
CF

Pgq(ζ)

}
ln
~k2

µ2
F

− 2ζ−2γ lnR{Pqq(ζ) + Pgq(ζ)}

− β0

2
ln
~k2

µ2
R

δ(1− ζ) + CAδ(1− ζ)

{
χ(n, γ) ln

s0

~k2
+

85

18
+
π2

2

+
1

2

(
ψ′
(

1 + γ +
n

2

)
− ψ′

(
n

2
− γ
)
− χ2(n, γ)

)}
+ (1 + ζ2)

{
CA

(
(1 + ζ−2γ)χ(n, γ)

2(1− ζ)+

− ζ−2γ

(
ln(1− ζ)

1− ζ

)
+

)
+

(
CF −

CA
2

)[
ζ̄

ζ2
I2 −

2 ln ζ

1− ζ
+ 2

(
ln(1− ζ)

1− ζ

)
+

]}
+ δ(1− ζ)

(
CF

(
3 ln 2− π2

3
− 9

2

)
− 5nf

9

)
+ CAζ

+ CF ζ̄ +
1 + ζ̄2

ζ

{
CA

ζ̄

ζ
I1 + 2CA ln

ζ̄

ζ
+ CF ζ

−2γ(χ(n, γ)− 2 ln ζ̄)

}]
.

(3.13)
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and for an incoming gluon:

Ig =
αs
2π

(
~k2
)γ−n

2
(
~k ·~l

)n ∫ 1

α

dζ

ζ
fg

(
α

ζ

)
CA
CF

×

{{
Pgg(ζ) + 2nf

CF
CA

Pqg(ζ)

}
ln
~k2

µ2
F

− 2ζ−2γ lnR{Pgg(ζ) + 2nfPqg(ζ)}

− β0

2
ln

~k2

4µ2
R

δ(1− ζ) + CAδ(1− ζ)

{
χ(n, γ) ln

s0

~k2
+

1

12
+
π2

6

+
1

2

(
ψ′
(

1 + γ +
n

2

)
− ψ′

(n
2
− γ
)
− χ2(n, γ)

)}
(3.14)

+ 2CA(1− ζ−2γ)

((
1

ζ
− 2 + ζζ̄

)
ln ζ̄ +

ln(1− ζ)

1− ζ

)
+ CA

[
1

ζ
+

1

(1− ζ)+

− 2 + ζζ̄

](
(1 + ζ−2γ)χ(n, γ)− 2 ln ζ +

ζ̄2

ζ2
I2

)
+ nf

[
2ζζ̄

CF
CA

+ (ζ2 + ζ̄2)

(
CF
CA

χ(n, γ) +
ζ̄

ζ
I3

)
− 1

12
δ(1− ζ)

]}
.

The �nal result for the NLO jet vertex is given by

dΦJ(ν, n)

dα d2+2ε~k
≡ IC

π
√

2~k2
(3.15)

where

I = Iq + Ig . (3.16)

In these results soft and virtual infrared divergences cancel each other while

infrared collinear divergences are compensated by the PDFs' renormalization

counter terms. The remaining ultraviolet divergences instead by the renormal-

ization of the QCD coupling.

In this approach the energy scale s0 is an arbitrary parameter, that need

not be �xed at any de�nite scale but the dependence on s0 will disappear in

the next-to-leading logarithmic approximation in any physical cross-section.
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3.2 Mueller-Navelet jet process cross section

The small-cone approximation is used in Ref. [40] to obtain prediction for

the Mueller-Navelet jet process cross section and for the azimuthal angle decor-

relation observables in the SCA. According to BFKL approach the cross section

reads:

dσ

dxJ1dxJ2d
2kJ1d

2kJ2

=
∑

i,j=q,q̄,g

∫ 1

0

dx1

∫ 1

0

dx2

× fi(x1, µF )fi(x2, µF )
dσ̂i,j(x1x2s, µF )

dxJ1dxJ2d
2kJ1d

2kJ2

,

(3.17)

as already discussed in the previous chapter. Here i,j are the parton types,

fi(x, µF ) is the initial proton PDFs, the longitudinal fractions of the partons in-

volved in the hard subprocess are x1,2, µF is the factorization scale, dσ̂i,j(x1x2s, µF )

is the partonic cross section for the production of jets and ŝ = x1x2s is the

squared center-of-mass energy of the parton-parton collision subprocess and

the authors use the MS scheme for the ultraviolet and collinear factorization.

The cross section for the hard subprocess is:

dσ̂i,j(x1x2s)

dxJ1dxJ2d
2kJ1d

2kJ2

=
1

(2π)2

∫
d2q1

~q 2
1

Vi(~q1, s0, x1;~kJ1 , xJ1) (3.18)

×
∫
d2q2

~q 2
2

Vj(−~q2, s0, x2;~kJ2 , xJ2)×
∫ δ+i∞

δ−i∞

dω

2πi

(
x1x2s

s0

)ω
Gω(~q1, ~q2) .

In NLA accuracy Vi(~q1, s0, x1;~kJ1 , xJ1) and Vj(−~q2, s0, x2;~kJ2 , xJ2) are the jet

vertices (impact factors) describing the transitions parton i(x1p1) → jet(kJ1)

and parton j(x2p2) → jet(kJ2), in the scattering o� a Reggeized gluon with

transverse momentum ~q1 and ~q2, respectively.

The authors work in the transverse momentum representation, de�ned by

~̂q|~qi〉 = ~qi|~qi〉, (3.19)

〈~q1|~q2〉 = δ(2)(~q1 − ~q2), 〈A|B〉 = 〈A|~k〉〈~k|B〉 =

∫
d2kA(~k)B(~k) ; (3.20)

the kernel of the operator K̂ is

K(~q2, ~q1) = 〈~q2|K̂|~q1〉 (3.21)
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The kernel is given as an expansion in the strong coupling,

K̂ = ᾱsK̂
0 + ᾱ2

sK̂
1 , (3.22)

where

ᾱs =
αsNc

π
(3.23)

and Nc is the number of colors. In Eq. (3.22) K̂0 is the BFKL kernel in the

LLA, K̂1 represents the NLA correction. With NLA accuracy this solution is

Ĝω = (ω − ᾱsK̂0)−1 + (ω − ᾱsK̂0)−1
(
ᾱ2
sK̂

1
)

(ω − ᾱsK̂0)−1 +O
[(
ᾱ2
sK̂

1
)2
]
.

(3.24)

The basis of eigenfunctions of the LLA kernel,

K̂0|n, ν〉 = χ(n, ν)|n, ν〉, χ(n, ν) = 2ψ(1)−ψ
(
n

2
+

1

2
+ iν

)
−ψ

(
n

2
+

1

2
− iν

)
,

(3.25)

is given by the following set of functions:

〈~q |n, ν〉 =
1

π
√

2
(~q 2)iν−

1
2 einφ , (3.26)

here φ is the azimuthal angle of the vector ~q counted from some �xed direction

in the transverse space, cosφ ≡ qx/|~q |. The action of the full NLA BFKL kernel

on these functions may be expressed as follows:

K̂|n, ν〉 = ᾱs(µR)χ(n, ν)|n, ν〉+ ᾱ2
s(µR)

(
χ(1)(n, ν) +

β0

4Nc

χ(n, ν) ln(µ2
R)

)
|n, ν〉

+ᾱ2
s(µR)

β0

4Nc

χ(n, ν)

(
i
∂

∂ν

)
|n, ν〉 , (3.27)

where µR is the renormalization scale of the QCD coupling, the �rst term rep-

resents the action of LLA kernel, while the second and the third ones stand for

the diagonal and the non-diagonal parts of the NLA kernel and

β0 =
11Nc

3
− 2nf

3
, (3.28)

where nf is the number of active quark �avors.

The function χ(1)(n, ν)

χ(1) = − β0

8Nc

(
χ2(n, ν)− 10

3
χ(n, ν)− iχ′(n, ν)

)
+ χ̄(n, ν) , (3.29)
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where

χ̄(n, ν) = −1

4

[
π2 − 4

3
χ(n, ν)− 6ζ(3)− χ′′(n, ν) + 2φ(n, ν) + 2φ(n,−ν)

+
π2 sinh(πν)

2ν cosh2(πν)

((
3 +

(
1 +

nf
N3
c

)
11 + 12ν2

16(1 + ν2)

)
δn0

−
(

1 +
nf
N3
c

)
1 + 4ν2

32(1 + ν2)
δn2

)]
(3.30)

φ(n, ν) =
∞∑
k=0

(−1)k+1

k + (n+ 1)/2 + iν

[
ψ′(k + n+ 1)− ψ′(k + 1)

+ (−1)k+1(β′(k + n+ 1) + β′(k + 1))

− 1

k + (n+ 1)/2 + iν
(ψ(k + n+ 1)− ψ(k + 1))

]
,

β′(z) =
1

4

[
ψ′
(
z + 1

2

)
− ψ′

(z
2

)]
, Li2(x) = −

∫ x

0

dt
ln(1− t)

t
.

(3.31)

Here and below χ′(n, ν) = dχ(n, ν)/dν and χ′′(n, ν) = d2χ(n, ν)/d2ν.

For the quark and the gluon jet vertices in (3.2) the projection onto the

eigenfunctions of LO BFKL kernel, i.e. the transfer to the (ν, n)-representation,

is done as follows:

V (~q1)

~q1
2

=
+∞∑

n=−∞

∫ +∞

−∞
dνΦ1(ν, n)〈n, ν|~q1〉,

V (−~q2)

~q 2
2

=
+∞∑

n=−∞

∫ +∞

−∞
dνΦ2(ν, n)〈~q2|n, ν〉,

Φ1(ν, n) =

∫
d2q1

V (~q1)

~q 2
1

1

π
√

2
(~q 2

1)iν−
1
2 einφ1 ,

Φ2(ν, n) =

∫
d2q2

V (−~q2)

~q 2
2

1

π
√

2
(~q 2

2)−iν−
1
2 e−inφ2 .

(3.32)

The vertices can be represented as an expansion in αs,

Φ1,2(n, ν) = αs(µR)v1,2(n, ν) + α2
s(µR)v

(1)
1,2(n, ν) . (3.33)

The explicit forms of LLA and NLA jet vertices in the (ν, n)-representation

both for the quark and gluon cases can be found in (3.23). In particular for the
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LLA quark vertices one has

vq1(n, ν) = 2

√
CF
CA

(~k2
J1

)iν−
3
2 einφJ1δ(xJ1 − x1),

vq2(n, ν) = 2

√
CF
CA

(~k2
J2

)−iν−
3
2 e−in(φJ2

+π)δ(xJ2 − x2) ,

(3.34)

where CA = Nc, CF = (Nc− 1)/2Nc. The partonic cross section can be written

with NLA accuracy as follows

dσ̂(x1x2s)

dxJ1dxJ2d
2kJ1d

2kJ2

=
1

(2π)2

+∞∑
n=−∞

∫ +∞

−∞
dν

(
x1x2s

s0

)ᾱs(µR)χ(n,ν)

× α2
s(µR)v1(n, ν)v2(n, ν)

[
1 + αs(µR)

(
v

(1)
1 (n, ν)

v1(n, ν)
+
v

(1)
2 (n, ν)

v2(n, ν)

)

+ ᾱ2
s(µR) ln

(
x1x2s

s0

)(
χ̄(n, ν) +

β0

8Nc

χ(n, ν)

[
−χ(n, ν) +

10

3

+ i
d ln

(
v1(n,ν)
v2(n,ν)

)
dν

+ 2 lnµ2
R

])]
.

(3.35)

The di�erential cross section has the form

dσ

dyJ1dyJ2d|~kJ1|d|~kJ2|dφJ1dφJ2

=
1

(2π)2

[
C0 +

∞∑
n=1

2 cos(nφ)Cn

]
, (3.36)

where φ = φJ1 − φJ2 − π, and

Cm =

∫ 2π

0

dφJ1

∫ 2π

0

dφJ2 cos[m(φJ1 − φJ2 − π)]
dσ

dyJ1dyJ2d|~kJ1|d|~kJ2|dφJ1dφJ2

.

(3.37)

In particular, taking into account the Jacobian of the transformation from

the variables ~kJi , xJi to the variables |~kJi |, yJi , and the ν-dependence of LLA
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jet vertices, see (3.34), we get

Cn =
xJ1xJ2

|~kJ1 ||~kJ2|

∫ +∞

−∞
dν

(
xJ1xJ2s

s0

)ᾱs(µR)χ(n,ν)

(3.38)

×α2
s(µR)c1(n, ν, |~kJ1|, xJ1)c2(n, ν, |~kJ2|, xJ2)

×

[
1 + αs(µR)

(
c

(1)
1 (n, ν, |~kJ1|, xJ1)

c1(n, ν, |~kJ1 |, xJ1)
+
c

(1)
2 (n, ν, |~kJ2|, xJ2)

c2(n, ν, |~kJ2 |, xJ2)

)

+ᾱ2
s(µR) ln

(
xJ1xJ2s

s0

)(
χ̄(n, ν) +

β0

8CA
χ(n, ν)

(
−χ(n, ν) +

10

3
+ ln

µ4
R

~k2
J1

~k2
J2

))]
,

where

c1(n, ν, |~k|, xJ1) = 2

√
CF
CA

(~k2)iν−
1
2

(
CA
CF

fg(x, µF ) +
∑
a=q,q̄

fq(x, µF )

)
, (3.39)

c2(n, ν, |~k|, x) =
[
c1(n, ν, |~k|, x)

]∗
, (3.40)
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c
(1)
1 (n, ν, |~k|, x) =

1

π

√
CF
CA

(~k2)iν−
1
2

∫ 1

x

dζ

ζ
ζ−ᾱs(µR)χ(n,ν)

{∑
a=q,q̄

fa

(
x

ζ

)
(3.41)

×
[{

Pqq(ζ) +
CA
CF

Pgq(ζ)

}
ln
~k2

µ2
F

− 2ζ−2γ lnR{Pqq(ζ) + Pgq(ζ)}

−β0

2
ln
~k2

µ2
R

δ(1− ζ) + CAδ(1− ζ)

{
χ(n, γ) ln

s0

~k2
+

85

18
+
π2

2

+
1

2

(
ψ′
(

1 + γ +
n

2

)
− ψ′

(
n

2
− γ
)
− χ2(n, γ)

)}
+(1 + ζ2)

{
CA

(
(1 + ζ−2γ)χ(n, γ)

2(1− ζ)+

− ζ−2γ

(
ln(1− ζ)

1− ζ

)
+

)
+

(
CF −

CA
2

)[
ζ̄

ζ2
I2 −

2 ln ζ

1− ζ
+ 2

(
ln(1− ζ)

1− ζ

)
+

]}
+δ(1− ζ)

(
CF

(
3 ln 2− π2

3
− 9

2

)
− 5nf

9

)
+CAζ + CF ζ̄ +

1 + ζ̄2

ζ

{
CA

ζ̄

ζ
I1 + 2CA ln

ζ̄

ζ
+ CF ζ

−2γ(χ(n, γ)− 2 ln ζ̄)

}]
+fg

(
x

ζ

)
CA
CF

×

{{
Pgg(ζ) + 2nf

CF
CA

Pqg(ζ)

}
ln
~k2

µ2
F

− 2ζ−2γ lnR{Pgg(ζ) + 2nfPqg(ζ)}

−β0

2
ln

~k2

4µ2
R

δ(1− ζ) + CAδ(1− ζ)

{
χ(n, γ) ln

s0

~k2
+

1

12
+
π2

6

+
1

2

(
ψ′
(

1 + γ +
n

2

)
− ψ′

(n
2
− γ
)
− χ2(n, γ)

)}
+2CA(1− ζ−2γ)

((
1

ζ
− 2 + ζζ̄

)
ln ζ̄ +

ln(1− ζ)

1− ζ

)
+CA

[
1

ζ
+

1

(1− ζ)+

− 2 + ζζ̄

](
(1 + ζ−2γ)χ(n, γ)− 2 ln ζ +

ζ̄2

ζ2
I2

)
+nf

[
2ζζ̄

CF
CA

+ (ζ2 + ζ̄2)

(
CF
CA

χ(n, γ) +
ζ̄

ζ
I3

)
− 1

12
δ(1− ζ)

]}}

c
(1)
2 (n, ν, |~k|, x) =

[
c

(1)
1 (n, ν, |~k|, x)

]∗
. (3.42)

Here ζ̄ = 1− ζ, γ = iν − 1/2, Pi,j(ζ) are leading order DGLAP kernels. For the
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I1,2,3 functions we have results:

I2 =
ζ2

ζ̄2

[
ζ

(
2F1(1, 1 + γ − n

2
, 2 + γ − n

2
, ζ)

n
2
− γ − 1

−
2F1(1, 1 + γ + n

2
, 2 + γ + n

2
, ζ)

n
2

+ γ + 1

)
+ζ−2γ

(
2F1(1,−γ − n

2
, 1− γ − n

2
, ζ)

n
2

+ γ
−

2F1(1,−γ + n
2
, 1− γ + n

2
, ζ)

n
2
− γ

)
+
(
1 + ζ−2γ

) (
χ(n, γ)− 2 ln ζ̄

)
+ 2 ln ζ

]
(3.43)

I1 =
ζ̄

2ζ
I2 +

ζ

ζ̄

[
ln ζ +

1− ζ−2γ

2

(
χ(n, γ)− 2 ln ζ̄

)]
, (3.44)

I3 =
ζ̄

2ζ
I2 −

ζ

ζ̄

[
ln ζ +

1− ζ−2γ

2

(
χ(n, γ)− 2 ln ζ̄

)]
. (3.45)

Considering hadron-hadron scattering in the common parton model for two

jet production at LO one deals with a back-to-back reaction and expects the

azimuthal angles of the two jets always to be π and hence completely corre-

lated. Increasing the rapidity di�erence between these jets, the phase space

allows more emission leading to a decorrelation between the jets. If the ra-

pidity di�erences the resummation leads to a description with BFKL theory.

Leading logarithmic approximation overestimates this decorrelation.

In view of the investigation of the azimuthal decorrelation, it is useful to

de�ne:

C0 =

∫
dφJ1dφJ2dσ , (3.46)

the coe�cients Cn and the moments of the azimuthal decorrelations, which are

de�ned as

〈cos(nφ)〉 =

∫
dφJ1dφJ2 cos[n(φJ1 − φJ2 − π)]dσ∫

dφJ1dφJ2dσ
=
Cn
C0

. (3.47)

In the remainder of the paper the authors consider the study of the depen-

dence of the Cn on Y in the center-of-mass energy
√
s at LHC reference values.

The value of cone size is R = 0.5.

To take into account the terms in Cn depending on the scales µR and s0

(subleading in NLA) the authors adopted an adaptation of the principle of

minimal sensitivity (PMS). According to this principle the optimal choices for

µR and s0 are those values for which the physical observables under examination
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express the minimal sensitivity to changes of both of these scales. This because

the complete resummation of the perturbative series would not depend on the

scale µR and s0.

Among the conclusions of the authors there are the following:

• NLA corrections to the impact factors are very important and not be

ignored in a consistent NLA BFKL analysis

• small-cone approximation is a valid approximation because for R→ 0 the

dependence of the cross section on the jet cone parameter is

dσ ∼ A lnR +B +O(R2) . (3.48)

The pieces of order O(R2) are presumably less important than the uncer-

tainties related with the choice of the scales µR and s0;

• PMS optimization procedure is expected to be a valid tool because it

gives a larger values of energy factorization scale than the scale given

by µ2
R = |~kJ1||~kJ2|, and this is attributable to the presence of important

contributions subleading to the NLA, especially for higher value of Y ;

• For a kinematic scale µ2
R = s0 = |~kJ1 ||~kJ2| and for high value of Y the pre-

diction are not acceptable. This is because NLO correction of jet vertices

are negative and very larger in absolute value. This is an indication of the

need to use PMS procedure, in this case, to obtain plausible prediction;

• PMS approach is not working well in case of asymmetric kinematics.
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3.3 NLA BFKL calculation with jet cone size

treated exactly

Another approach to obtain a complete Mueller-Navelet jets treatment in

next-to-leading BFKL theory is given in [9]. In this paper the authors calculated

cross section and azimuthal decorrelation using jet cone algorithm in (2.19). The

key points in this approach are the following:

• Energy scale s0 viewed as a product of two energy scales

s0 =
√
s0,1s0,2 . (3.49)

Furthermore respect to that used in [7, 8]

s0,1 = (|kJ,1|+ |kJ,1 − k1|)2 → s′0,1 =
x2

1

x2
J,1k

2
J,1

, (3.50)

s0,2 = (|kJ,|+ |kJ,2 − k2|)2 → s′0,2 =
x2

2

x2
J,2k

2
J,2

, (3.51)

ŝ

s0

→ ŝ

s′0
=

xJ,1xJ,2s

|kJ,1| · |kJ,2|
= eyJ,1−yJ,2 ≡ eY , (3.52)

This change in Green's function has to be accompanied by following cor-

rection term to the impact factor:

ΦNLL(ki; s
′
0,i) = ΦNLL(ki; s0,i) +

∫
d2k′ΦLL(k′i)KLL(k′i;ki)

1

2
ln
s′0,i
s0,i

(3.53)

and the �nal form used is

V
(1)
q;LL subtraction = −CA

π2

1

z(k− k′)2

(k− k′)(k− k′ − zk′)
(k− k′)2(k− k′ − zk′)2

V (0)
q (k′, x) ,

(3.54)

V
(1)
g;LL subtraction = −CA

π2

1

z(k− k′)2

(k− k′)(k− k′ − zk′)
(k− k′)2(k− k′ − zk′)2

V (0)
g (k′, x) ;

(3.55)

• As found with SCA method the e�ect of NLL corrections to the jet vertex

function is very important, of the same order as the one obtained when

passing from LL to NLL Green's function;

51



• The uncertainty due to change in µR, s0 is drastically reduced when the

NLL to the vertices are taken into account but is still sizeable;

• It seems that azimuthal decorrelation is almost not enhanced by an in-

creasing rapidity.
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Chapter 4

Comparison of predictions with

CMS data

Recently it has become possible to compare theoretical analysis of Mueller-

Navelet jet production process with �rst CMS data [41] at center-of-mass en-

ergy of 7 TeV. A �rst comparison with these experimental data according to

the approach of jet cone algorithm of (2.19) does not lead to agreement with

experiment [42]. Here the authors used a RG-improved kernel. This means

that the NLA BFKL kernel is improved by imposing its compatibility with the

DGLAP equation, although energy scales where not optimized. Later a similar

analysis whose redone [43] using standard kernel, but energy scales optimized

according to the Brodsky-LePage-McKenzie method (BLM). This method is a

way of absorbing the non-conformal terms of the perturbative series in a rede�-

nition of the coupling constant. To improve the convergence of the perturbative

series, one should extract the β0-dependent part of the observable and chose the

renormalization scale to make it vanish. The authors found a nice agreement

at the larger values of relative separation of jets Y . They de�ne

C0 =
dσ

d|~kJ,1|d|~kJ,2|dyJ,1dyJ,2
, (4.1)

and
Cn
C0

= 〈cos(n(φJ,1 − φJ,2 − π))〉 ≡ 〈cos(nϕ)〉 (4.2)

analogously to Eqs. (3.34) and (3.35). The comparison with experimental data

are shown in Figs. (4.1, 4.2, 4.3, 4.4) and (4.5). The two evaluations in �g-
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ures are one with factorization scale µF=µR,BLM and the other with �natural�

µF=
√
|~kJ,1| · |~kJ,2|. The results �rst shown are those for the angular correlations

〈cosϕ〉, 〈cos 2ϕ〉 and 〈cos 3ϕ〉 as a function of relative rapidity Y (Figs. (4.1,

4.2) and (4.3), respectively).

The conclusion for these three observables is similar: when one uses the

�natural� scale µF , the NLA BFKL calculation is always above the data. Data

are much better described when setting the scale according to the BLM pro-

cedure. Instead, the ratios 〈cos 2ϕ〉/〈cosϕ〉 and 〈cos 3ϕ〉/〈cos 2ϕ〉 are almost

not a�ected by BLM procedure, see Figs. (4.4) and (4.5). This is because these

observables are very stable with respect to the scales. The same observables are

calculated in [44], where the adopted jet vertices are calculated in the approxi-

mation of small aperture of the jet cone. To improve the stability of perturbative

series several methods have been devised for the optimal choice of the energy

scales, including the BLM method. These new BLM calculations support the

statement that theoretical predictions are in a rather good agreement with CMS

data. The results are obtained in two variants of the BLM method, dubbed (a)

and (b) in Figs. (4.6, 4.7, 4.9, 4.8) and (4.10) for the same observables (coe�-

cients Cn are related to Cn of Eqs. (3.34), (3.35), in particular the ratios Cn/C0

are the azimuthal correlations 〈cosnφ〉). For the two BLM methods (a) and (b)

refer to a separate publication for details [45]. Nevertheless the prediction lies

somewhat beyond the range of the theoretical uncertainty bound of [43]. This

di�erence is related with a �representation uncertainty�, related to the possib-

lity of contructing several di�erent, but equivalent representations of the NLA

BFKL amplitude.
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Figure 4.1: Variation of 〈cosϕ〉 as a function of Y at NLL accuracy compared with

CMS data.
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Figure 4.2: Variation of 〈cos 2ϕ〉 as a function of Y at NLL accuracy compared with

CMS data.
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Figure 4.3: Variation of 〈cos 3ϕ〉 as a function of Y at NLL accuracy compared with

CMS data.
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Figure 4.4: Variation of 〈cos 2ϕ〉/〈cosϕ〉 as a function of Y at NLL accuracy compared

with CMS data.

56



 0

 0.2

 0.4

 0.6

 0.8

 1

 1.2

 4  5  6  7  8  9

NLL, µR = µR,BLM

NLL, µR = µR,init

CMS data

Y

〈cos 3ϕ〉/〈cos 2ϕ〉

Figure 4.5: Variation of 〈cos 3ϕ〉/〈cos 2ϕ〉 as a function of Y at NLL accuracy com-

pared with CMS data.
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Figure 4.6: Y dependence of azimuthal correlations C1/C0.
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Figure 4.7: Y dependence of azimuthal correlations C2/C0.
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Figure 4.8: Y dependence of azimuthal correlations C3/C0.
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Figure 4.9: Y dependence of azimuthal correlations ratios C2/C1.
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